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1. Introduction
One of the well-known Tamano’s theorems [8] states that if X is not paracompact then X × K is not normal for some
compact space K . If A and B are subspaces of a topological group G then A  B is a continuous image (sometimes, not
very distorted) of the topological product A × B , that is, G may contain a noticeable trace of A × B . This fact together with
the mentioned Tamano’s theorem suggest that given a non-paracompact space X there might exist a compact space K such
that no normal topological group contains a closed copy of X ⊕ K . In [1], the author proved that such a compactum exists
(namely, any Hausdorff compactiﬁcation of X ) if X is in addition a linearly ordered space (or, more generally, monotonically
normal). The author does not know whether such a compactum exists for any non-paracompact space. However, in case
when X is in addition countably compact such a K indeed exists and it is a carefully selected isolated ordinal (Theorem 2.1).
We also show that if X2 is normal, countably compact, and not compact then no normal topological group contains X ⊕ bX
as a closed subspace, where bX is any Hausdorff compactiﬁcation of X (Theorem 2.3). The proofs of these facts are the
results of the paper. Notice that if G is a normal topological group then so is G × {0,1}. Therefore, the conclusion of the
statement in the abstract can be re-written in a formally stronger form: “Then there exists a compactum K such that X and K
cannot be closedly embedded into the same normal topological group”. To justify our efforts we would like to mention that there
exists a countably compact normal topological group whose square is not normal. Such an example is constructed under the
Continuum Hypothesis in [7]. That is, in general, a topological group can be normal even if it contains a closed countably
compact subspace with a non-normal square. Throughout the paper we assume that all spaces are Tychonov. If f : X → Y
is continuous by f˜ : βX → βY we denote its continuous extension to the Cˇech–Stone compactiﬁcations. In terminology and
notation we will follow [3].
2. Study
In our proofs we will often employ the classical fact that β(X × Y ) = βX × βY if X × Y is pseudocompact [4].
Theorem 2.1. Let X be a countably compact space. If X is not compact then no normal topological group contains a closed copy of
X ⊕ (τ + 1), where τ is the successor cardinal of |βX |.
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X ⊕ (τ + 1) as a closed subspace. Since X is not compact we can ﬁnd an open cover U = {Uα: α < κ} of X such that the
following requirements are satisﬁed:
(1) κ is a regular inﬁnite cardinal that does not exceed |X |; and
(2) Fα = X \⋃β<α Uβ is not empty for α < κ .
For every ordinal λ < τ of coﬁnality κ ﬁx a set of ordinals {λα: α < κ} with the following properties:
P1: The correspondence λα ↔ α is an order-preserving homeomorphism between {λα: α < κ} and κ ;
P2: λ = sup{λα: α < κ}.
Also, put Aλ =⋃α<κ Fα × {λα} and Bλ = X × {λ}, where Fα is as in (2).
Claim 1. Aλ and Bλ are disjoint closed subsets of X × (τ + 1) that cannot be functionally separated.
Closedness and disjointness are clear. To show that the sets are not functionally separable recall that U does not
contain a ﬁnite subcover. Therefore there exists x ∈ βX \ X which is a limit point for every Fα , where α < κ . Since
β(X × (τ + 1)) = βX × (τ + 1), we have 〈x, λ〉 is a limit point for both Aλ and Bλ in the Cˇech–Stone compactiﬁcation
of the product.
Claim 2. clG((Aλ)) meets clG((Bλ)).
Indeed, by normality of G , any two closed disjoint subsets of G are functionally separable. By continuity of  and
Claim 1, the sets clG((Aλ)) and clG((Bλ)) are not disjoint.
Since (Bλ) = X  λ and X is closed in G , we conclude that (Bλ) is closed in G . Therefore, we can ﬁnd a point p ∈
clβX×(τ+1)(Aλ) such that ˜(p) ∈ (Bλ), where ˜ is the extension of  to the Cˇech–Stone compactiﬁcations. Therefore, p =
〈aλ, γλ〉 for some γ  λ. Since  is a homeomorphism on Bλ , we conclude that γλ < λ. Thus, ˜(aλ, γλ) = (bλ, λ) for some
〈bλ, λ〉 ∈ Bλ .
The correspondence λ → γλ deﬁnes a regressive function from the set L of all ordinals of τ of coﬁnality κ into τ . Since
τ is an uncountable regular cardinal and κ < τ , the set L is stationary. By Pressing Down Lemma (see, for example, [6])
there exist a τ -sized L′ ⊂ L and an ordinal λ′ < τ such that γλ = λ′ for all λ ∈ L′ . Since |βX | < τ = |L′| one can ﬁnd two
distinct λ1, λ2 ∈ L′ such that aλ1 = aλ2 and bλ1 = bλ2 . Then we have ˜(aλ1 , λ′) = (bλ1 , λ1) and ˜(aλ2 , λ′) = (bλ2 , λ2). Since
the left sides of the two equalities are equal the right sides are equal as well. Hence, bλ1  λ1 = bλ2  λ2. Since bλ1 = bλ2 we
have λ1 = λ2, a contradiction. 
In the Tamano theorem the compact testing non-paracompactness of X is a Hausdorff compactiﬁcation of X . Therefore,
it might be of interest if the isolated ordinal in Theorem 2.1 could be replaced by a compactiﬁcation of X . In general the
author does not know if it is possible but we will prove that it is in case when X2 is countably compact and normal. To
achieve this goal we need the following lemma which is proved in [2, Theorem 3.8] for the case Y = X . Although the proof
in [2] is valid for any closed Y in X with obvious changes we give it here for completeness since it is short.
Lemma 2.2. Let X2 be normal and countably compact and Y ⊂ X closed. If f : Y → X is ﬁxed-point free then so is its continuous
extension f˜ : βY → βX.
Proof. Assume f˜ ﬁxes z ∈ βY \ Y . Put A = {〈x, x〉: x ∈ Y } and B = {〈x, f (x)〉: x ∈ Y }. Clearly, A and B are closed in Y × X .
Since Y × X is countably compact, β(Y × X) = βY ×βX . Since f˜ (z) = z, the point 〈z, z〉 = 〈z, f˜ (z)〉 is a limit point for both B
and A in βY ×βX . Therefore, A and B are not functionally separated. Since Y × X is normal, A meets B . Pick 〈x, x〉 ∈ A ∩ B .
By the deﬁnition of B , 〈x, x〉 = 〈x, f (x)〉. Thus, x is a ﬁxed point of f . 
Theorem 2.3. Let X2 be countably compact and normal. If X is not compact then no normal topological group contains a closed copy
of X ⊕ bX, where bX is an arbitrary Hausdorff compactiﬁcation of X .
Proof. As before since X is countably compact β(X × bX) = βX × bX . Assume the conclusion of the theorem does not hold
and let G be a normal topological group with binary operation  that contains X ⊕ bX ′ as a closed subspace, where bX ′ is
a primed copy of bX . Let ib : βX ′ → bX ′ be the natural continuous map, which is the identity on X ′ . Let i X : X → X be the
identity map. Put
g = i X × ib : X × βX ′ → X × bX ′ and h =  ◦ g : X × βX ′ → G
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quite transparent if one assumes that bX = βX , disregards g , and substitutes  for h.)
Claim 1. h˜(c, c′) /∈ G for every c ∈ βX \ X.
Consider the restriction of h on X ×{c′}. The map g is perfect and X ×{c′} is closed in X ×βX ′ . Hence the restriction of
g on X × {c′} is perfect. We have g(X × {c′}) = X × {ib(c′)}. The map  is perfect on X × {ib(c′)} since (X × {ib(c′)}) =
X  ib(c′). Thus, the restriction of h on X × {c′} is perfect. Since h(X × {c′}) is closed we have h˜(c, c′) /∈ G .
Claim 2. h(S × {c′}) and h({〈x, x′〉: x ∈ S}) are closed for any closed S ⊂ X.
We have g(S × {c′}) = S × {ib(c′)} and (S × {ib(c′)}) = S  ib(c′). Since S is closed and multiplication by a scalar is an
automorphism, S  ib(c′) is closed as well. The closedness of the second set follows from Claim 1.
Pick any c ∈ βX \ X . Put A = X ×{c′} and B = {〈x, x′〉: x ∈ X}. The sets A and B are closed and disjoint in X ×βX ′ . Since
〈c, c′〉 is a limit point for both A and B in βX × βX ′ we conclude that A are and B not functionally separated in X × βX ′ .
Claim 3. Let Oc be an open neighborhood of c in βX. Then there exists z ∈ clX (X ∩ Oc) such that h(z, z′) ∈ h(X × {c′}).
To prove the claim put BO = {〈x, x′〉: x ∈ clX (X ∩ Oc)}. The sets A and BO are closed, disjoint, and not functionally
separated in X×βX ′ for the same reasons as A and B . Therefore, by normality of G , the set clG(h(BO )) meets clG(h(A)).
By Claim 2, the sets h(BO ) and h(A) are closed. Hence there exists z ∈ clX (X ∩ Oc) such that h(z, z′) ∈ h(X × {c′}).
Claim 4. The set F = {x ∈ X: h(x, x′) ∈ h(X × {c′})} is closed in X and has c as a limit point in βX.
If z ∈ clX (F ) then 〈z, z′〉 belongs to clX×βX ′ {〈x, x′〉: x ∈ F }. By continuity of h, we have h(z, z′) ∈ clG(h(X × {c′})). Since
h(X × {c′}) is closed in G we conclude that z ∈ F . Thus F is closed in X . By Claim 3, c ∈ β F .
Deﬁne function f : F → X by letting f (x) = y, where h(x, x′) = h(y, c′). In view of Claim 4, it is a well-deﬁned function.
Since h is continuous on B and is a homeomorphism on X × {c′}, the map f is continuous as well. Since 〈c, c′〉 is the
common limit point for {〈x, x′〉: x ∈ F } and X × {c′}, we have f˜ (c) = c. By Lemma 2.2, there exists x ∈ F such that f (x) = x,
meaning h(x, x′) = h(x, c′), that is, x  x′ = x  ib(c′). The latter implies x′ = ib(c′). However, x′ ∈ X ′ while ib(c′) ∈ bX ′ \ X ′ .
This contradiction completes the proof. 
It would be nice to have only one condition on X in the hypothesis of Theorem 2.3, namely countable compactness.
Since we do not need to consider the case when X is not normal it is natural to wonder if the argument works when X
is normal and countably compact. In the argument we use countable compactness and normality of X2 at the very end to
apply Lemma 2.2. Therefore, one may wonder if the lemma holds for any countably compact normal space. Unfortunately it
does not as shown in [5].
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